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 � : Atq§rV An§d�  µ� Yt� ?©d�Ab� ¤� ¨�CAq� A� �t`� ��Ak�  A� �Ð� A� �r`� �y�
¨Jw� ªrJ ¤� (T§Ahn�� @��� �� Tql�� ­rt� Yl� ��Akt�� 	s�� ©�) �§r`t�� �d�ts�
(�d� ­ry�} ¢tmy�  � 
b�� �� �t`m�� �rW�� �� Tb§r� ­rt� Yl� ��Akt�� 	s�� ©�)

?¢��Ð d� ¨� 	`} ��Akt�� 
As�  A� w� �`f� ÐA� �k�
ry� Ahnk� 
CAqtl� Ty�A� ª¤rJ Ahl�¤ , 
CAqtl� ��CAbt�� ­d� ¨l§ Amy� �dqnF
	�A� �k� ,�t`� ��Ak� 
CAq� �Ab�³ T�A`� TlyF¤ �dq� Ah�� ��CAbt�¯� £@¡ Tmy� .T�E¯

.��Akt�� Tmy� 
As�� TlyF¤ ¨W`� ¯ Ah�� Ahy� ¨sy¶r�� Pqn��
]a, b] ��rtf�� �� ©� �� ryb`tl� J @��n� ,T�A� ­Cw} ¨� ��CAbt�¯� �l� �yOnF
T�Atk� �t`� ��Ak� ©� �� ryb`t�� Annkm§ ¨�At�A�¤ ,[a, +∞[ ¤� ] −∞, b] ¤� [a, b[ ¤�

.
∫

J f(x) dx

��Aktl� Tl�A�¤ J ­rtf�� Yl� Tb�AF ry� T�� f(x)�kt� :T�CAqm�� CAbt�� - 1-2

T�� g(x) 
�A� �Ð� , I ⊂ J ­ ¤d��¤ Tql�� ­rt� ©� Yl�  Am§C �whfm�
�q��

.x ∈ J �k� f(x) ≤ g(x) (�)
¨�CAq�

∫
J g(x) dx (
)

.¨�CAq�
∫

J f(x) dx ��Akt��  ��
�¡rb� «r�±� �¯A��� ,

∫ b

a+0 f(x) dx ­CwO�� Yl� �®�Akt�� T�A� ¨�  A¡rb�� 	tknF - A¡r�
.��Am� �kK�

©± ¢�� d�� ¨Jw� ªrJ ��d�tFA�¤
∫ b

a+0 g(x) dx 
CAq� �� , T§r\n�� ª¤rJ  Aqq�� f, g �kt�
 wk§ c, d ∈]a, a + δ[ ©± �y�� δ > 0 d�w§ ε > 0

∫ d

c

g(x) dx < ε

�zlts§ f(x) ≤ g(x) ªrK�� �k�
∫ d

c

f(x) dx <

∫ d

c

g(x) dx < ε

.Ay�CAq� ¨�At�A�  wk§¤ r�µ� w¡ ¨Jw� ªrJ �q�§
∫ b

a+0 f(x) dx  � ©�
:Tl��� - 2-2

T��dl� Tl�Aq� T�� 
As� 	`O�� �� ,
∫ 1

0+
1

x1/2 + 2x2/3 + 5x1/4 dx ��Akt�� xCd� (1)
 � ^�®� ,T�CAqm�� CAbt�� �d�ts� �@� ,Tl�Akm��

f(x) =
1

x1/2 + 2x2/3 + 5x1/4 ≤
1

7x2/3 = g(x)
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.¨�CAq�
∫ 1

0+
1

x1/2 + 2x2/3 + 5x1/4 dx  �� ¨�CAq�
∫ 1

0+
1

7x2/3 dx  � �y�¤

 � �R�w�� �� ,
∫∞
e

sin x

x2 ln x
dx ��Akt�� xCd� (2)

∣∣∣∣
sin x

x2 ln x

∣∣∣∣ ≤
1

x2 ln x

CAbt�� �� �tn§
∫∞
e

∣∣∣∣
sin x

x2 ln x

∣∣∣∣ dx 
CAq�  �� (��Ð �¡r�) ¨�CAq�
∫∞
e

1

x2 ln x
dx  � �y�¤

.�lW� 
CAq� ¨�CAq�
∫∞
e

sin x

x2 ln x
dx  � ©� .T�CAqm��

T�Ay} ­ A��� ��Ð¤ �®�Akt�� d�Ab� �Ab�³ T�CAqm�� CAbt�� ��d�tF� AS§� �kmm�� ��
:¨l§ Am� Tq�As�� T§r\n��

Tl�A�¤ J ­rtf�� Yl� Tb�AF ry� T�� f(x) �kt� :(2) T�CAqm�� CAbt�� - 3-2


�A� �Ð� , I ⊂ J ­ ¤d��¤ Tql�� ­rt� ©� Yl�  Am§C �whfm� ��Aktl�
�q�� T�� g(x)

.x ∈ J �k� g(x) ≤ f(x) (�)
©d�Ab�

∫
J g(x) dx (
)

.©d�Ab�
∫

J f(x) dx ��Akt��  ��
��¤d�� 	�C T�CAq�

	�C T�CAq� AS§� �km§ Am��¤ ,�yt�� �y� > ¤� < T�®�  A�§� Yl� T�CAqm�� rOtq� ¯
:��¤d��
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�kt�¤ ,D ⊂ R T�wm�� Yl�  At�r`�  At�� g ¤ f �kt� :�Af§r`� - 4-2

.(a = ±∞ ¤� a ∈ R�y�) D � ���r� TWq� a

�Ð� a dn� (f = o(g) Ah� z�r§¤) g Y�� Tbsn�A� T§rf} Tb�C ��Ð f  � �wq� (1)
 A�

lim
t→a

f(t)

g(t)
= 0.

 A� �Ð� a dn� (f ≡ g :��@� z�r§¤) Tb�r�� Hf� �� g ¤ f  � �wq� (2)

0 < lim
t→a

∣∣∣∣
f(t)

g(t)

∣∣∣∣ < +∞.

�Ð� a dn� (f = O(g) :��@� z�r§¤) g �� Tb�r�� ¨� d§z� ¯ f  � �wq� (3)

�A�

f(t)

g(t)
�w� ­ ¤d�� a.

:Tl��� - 5-2

 �� s > r ≥ 0 
�A� �Ð� ¢�� �R�w�� �� , a = 0 �kt�¤ f(t) = ts, g(t) = tr �kt� (1)
 ± ��Ð¤ 0 dn� f = o(g)

lim
t→0

ts

tr
= 0.

 ± ��Ð¤ g = o(f)  �� , a = +∞ A�dn� �k� f, g �yt��d�� Hfn� (2)

lim
t→+∞

tr

ts
= 0.

.+∞ dn� ln t = o(tr)  � ©� , r > 0 ©± limt→+∞
ln t

tr
 � �Ab�� �km§ (3)

.­ ¤d�� T�� sin t  ± +∞ dn� sin t = O(1) (4)

.0 dn� sin t ≡ t (5)

.0 dn� ln(t + 1) ≡ t  �� limt→0
ln(t + 1)

t
= 1  � �y� (6)
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J = [a, b[ ­rtf�� Yl� Tb�AF ry� T�� f(x)�kt� :Tb�r�A� T�CAqm�� CAbt�� - 6-2

�kt�¤ .I ⊂ J ­ ¤d��¤ Tql�� ­rt� ©� Yl� Am§C�whfm� ��Aktl� Tl�A�¤
.b �� 
rq�A� ­ ¤d�� ry� f ¤� b = +∞

∫
J g(x) dx 
CAq�  �� ,b dn� f = O(g) �q�� T�� g(x) 
�A� �Ð� (1)

.
∫

J f(x) dx 
CAq� �zlts§
∫

J g(x) dx d�Ab�  �� ,b dn� g = O(f) �q�� T�� g(x) 
�A� �Ð� (2)
.
∫

J f(x) dx d�Ab� �zlts§
∫

J g(x) dx 
CAq�  �� .b dn� f = o(g) �q�� T�� g(x) 
�A� �Ð� (3)
.
∫

J f(x) dx 
CAq� �zlts§

,
∫

J f(x) dx  ®�Akt��  �� ,b dn� f ≡ g �q�� T�� g(x) 
�A� �Ð� (4)
.ÁA`�  �d�Abt§ ¤� ÁA`�  A�CAqt§

∫
J g(x) dx

.(2.1) T§r\� ¨¡ (2) ¤ (1) - A¡r�
 ± (1) �� �tn� (3)

f = o(g) =⇒ f = O(g)

:Tl��� - 7-2

.
∫ 1

0
1

x2/3 + 4x1/3e−3x + 2x1/2e−x2 dx ��Akt�� 
CAq� xCdn� (1)


r� Xq� ­ ¤d�� ry� f(x) =
1

x2/3 + 4x1/3e−3x + 2x1/2e−x2 T��d��  � �R�w�� ��

 CAq� .��Akt�� ¨� ry��� rb�� ¨W`§ ©@�� w¡ ¨�At�A�¤ �Aqm�� ¨� d� r�}� w¡ x2/3 d���  �¤ ,0

:d�n� g(x) =
1

x3/4 T��d�A� T��d�� £@¡

lim
x→0

f(x)

g(x)
= 0.

∫ 1
0

1

x2/3 + 4e−3x + 2x1/2e−x2 dx �� ¨�CAq�
∫ 1

0
1

x3/4 dx ��Akt��  � �y�¤ .f = o(g) � ©�
.¨�CAq�

 ± �lW� 
CAq� ¨�CAq�
∫∞

1
sin(x3)

x3/2 dx ��Akt�� (2)

∞ dn�
sin(x3)

x3/2 = O(
1

x3/2 )

.
wlWm�� �tn§
∫∞

1
1

x3/2 dx ��Akt�� 
CAq�¤ Tb�r�A� T�CAqm�Ab�
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��¤d�� Yl� ¯� �bWn� ¯ Ahl� Tq�As�� T�CAqm�� ��CAbt��  � Yl� dy��t�� An¡ 	�§
,Tb�w� T��d� �t`m�� ��Akt�� 
CAq� TF�Cd� ��CAbt�¯� £@¡ ��d�tF� �Ð� �km§ .Tb�wm��
�� Ahl�Ak� TF�C ¤ Tb�w� T�� �tnt� −1 ¨� T��d�� 
rR �km§ Tb�As�� ��¤d�� T�A� ¨�¤
¨�¤ .d�Abt��¤ 
CAqt�� �y� �� �wls�� Hf� Ah� −f(x) ¤ f(x) �®�Ak�  � T\�®�
Tb�AF¤ ��Akt�� ­rt� º�z�� {`� Yl� Tb�w�  wk� ¨t�� ©�) ­CAJ³� ­ry�t� ��¤d�� T�A�
T�A��� £@¡ ¨� An�± ,�lWm�� 
CAqt�� TF�Cd� T�CAqm�� CAbt�� �lO§ («r�� º�z�� Yl�

.Tb�w� T�� ¨¡¤ | f(x) | T��d�� ��Ak� xCd�
¨�  At`m�� 
wlF±� ,T�CAqm�� ��CAbt�� ��d�tF� �yWts� ¯ ª¤rKm�� 
CAqt�� TF�Cd�

.¢ylk§r§ - ��� CAbt�� ��d�tF� w¡ T�A��� £@¡

�y� f(x) = h(x) . g(x)�kt� :(Abel-Dirichlet test) ¢ylk§r§ ��� CAbt�� - 8-2
(b = +∞ ¤� b ∈ R�y�) J = [a, b[ ­rtf�� Yl� AtlOt�¤ At�r`� At�� h, g

 Aqq��¤

.limx→b h(x) = 0 ¤ J Yl� TyO�An�¤ Tb�w� h(x) (�)

.­ ¤d�� T�� G(y) =
∫ y

a g(x) dx T��d�� (
)

.¨�CAq�
∫

J f(x) dx ��Akt��  ��
limx→b h(x) = 0  � T�r`� �� , ε > 0 �ky� .M = supy∈J |G(y) | �S� - A¡r�

d�n� d > c > L @��� . c > L ©± h(c) < ε/2M �y�� L < b  A�§� �km§
∣∣∣∣
∫ d

c

h(x)g(x) dx

∣∣∣∣ ≤ h(c0)

∣∣∣∣
∫ d

c

g(x) dx

∣∣∣∣
��Aktl� TWFwtm�� Tmyq�� T§r\� �� c0 A� Tmyq�

≤ h(c0)

∣∣∣∣
∫ d

a

g(x) dx−
∫ c

a

g(x) dx

∣∣∣∣
≤ h(c0)(|G(d) |+ |G(c) |)
≤ 2Mh(c0) < ε

.¨�CAq�  Ð� Th� 
CAqtl� ¨Jw� ªrJ �q�§
∫

J f(x) dx ��Akt��  � �tn§

J = [1, +∞[ ­rtf�� Yl� TyO�An�¤ Tb�w� ¤ TlOt� T�� h �kt� :T�yt� - 9-2
.limx→+∞ h(x) = 0 �q��¤

. Ay�CAq�
∫

J h(x) cos x dx ¤
∫

J h(x) sin x dx �yl�Akt��  ��
¨l§ Amy� T�y�O�� T�A�³� rt�� .Tl·F� 10.2


�A� �Ð�
∫
J g(x) dx 
CAq� �� �tn§

∫
J f(x) dx 
CAq� (1)

f(x) ≤ g(x) �k� x ∈ J( ) g(x) ≤ f(x) �k� x ∈ J( )
f = o(g) ( ) Tb�AF ry� T�� f(x). ( )
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: �� a dn� g = O(h) 
�A�¤ a dn� f = O(g) 
�A� �Ð� (2)
a dn� g = O(f)( ) a dn� f = o(g)( )
a dn� f = O(h)( ) a dn� f = o(h)( )

: f(x) = ln(x) �kt� (3)
1 dn� f(x) = O(x) ( ) 1 dn� f(x) = O(x− 1)( )
1 dn� f(x) = o(1− x)( ) 1 dn� 1− x = O(f(x))( )

�¤¥�¤ TyO�An�¤ Tb�w� T�� f 
�A�¤ ©d�Ab�
∫∞
1 f(x) sin x dx �t`m�� ��Akt��  A� �Ð� (4)

 �� ∞ dn� rfOl�
©d�Ab�

∫∞
1 f(x) | sinx | dx( ) ©d�Ab�

∫∞
1 f(x) cosx dx ( )

©d�Ab�
∫∞
1 f(x) dx ( ) ©d�Ab�

∫∞
1 f(x) cosx sinx dx( )

.�§CAm� 11.2

.©d�Ab�
∫ +∞
1 sin(

√
x) dx ��Akt��  � �¡r� (1)

Ty�µ� �®�Akt�� �� �� 
CAq� xC � (2)

,
∫ 1
0

1
x ln x +

√
x

dx (�)

,
∫ 1
0

1
x ln x + x2

dx (
)

,
∫∞
2

1
x ln x +

√
x

dx (�)

,
∫∞
e+1

1
xp ln x +

√
x

dx ( )

,
∫∞
e+1

1
xp ln x ln lnx + xq

dx (£)

,
∫∞
2

1
x(lnx)p − x2

dx (¤)

,
∫∞
1 sec2( 1

x2+3
) tan( 1

2x2+1
) dx (E)

,
∫ 5
1

1
(x− 1)

sinx dx (�)

,
∫∞
1 3x sin(x3) dx (ª)
,
∫∞
1 eαx sinx dx (©)

,
∫∞
1

1
xβ

cos(xα) dx (A§)


�A�¤ [a,+∞[ Yl� TlOt� T�� f(x) 
�A� �Ð� :Tbsn�� CAbt�� �¡r� (3)

lim
x→1

∣∣∣∣
f(x + 1)

f(x)

∣∣∣∣ = ` < 1

.�lW� 
CAq� 
CAqt§
∫ +∞
a f(x) dx �t`m�� ��Akt��  ��

51


